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Abstract
The purpose of this paper is to extend the cohomology and conformal derivation
theories of the classical Lie conformal algebras to Hom-Lie conformal algebras. In
this paper, we develop cohomology theory of Hom-Lie conformal algebras and dis-
cuss some applications to the study of deformations of regular Hom-Lie conformal
algebras. Also, we introduce αk-derivations of multiplicative Hom-Lie conformal
algebras and study their properties.
Key words: Hom-Lie conformal algebras, αk-derivations, cohomology, deformations,
generalized derivations
Mathematics Subject Classification(2010): 16S70, 17A42, 17B10, 17B56, 17B70
1 Introduction
The notion of a Lie conformal algebra encodes an axiomatic description of the operator
product expansion of chiral fields in two-dimensional conformal field theory. It has been
proved to be an effective tool for the study of infinite-dimensional Lie algebras satisfying
the locality property. Besides, vertex operator algebras in [2] are closely related to Lie
conformal algebras, a vertex operator algebra is an algebraic structure that plays an
important role in conformal field theory and string theory. In the last decade, semisimple
Lie conformal algebras have been intensively studied. In particular, the cohomology
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theory was developed in [1] and the classification of all finite semisimple Lie conformal
algebras were given in [3].
Hom-Lie conformal algebras were introduced and studied in [8]. Lately, similar gen-
eralizations of certain algebraic structures became a very popular subject. In [7], αk-
derivations of Hom-Lie algebras were introduced and studied. In [6, 9], we studied Hom-
Nijienhuis operators and T*-extensions of Hom-Lie superalgebras and Hom-Jordan Lie
algebras, extending the generalized derivation theory of Lie algebras given in [5]. Recently,
similar researches were done for Lie conformal algebras in [4]. In the present paper, we
aim to study generalized derivations of Hom-Lie conformal algebras, and extend the co-
homology theory of Lie conformal algebras to the Hom case.
The paper is organized as follows. In Section 2, we recall the notion of a Hom-Lie
conformal algebra and then define a module over a Hom-Lie conformal algebra. Moreover,
we construct the basic and reduced complexes over a Hom-Lie conformal algebra R with
coefficients in its modules, leading us to the basic and reduced chomologies of R.
In Section 3, we define Hom-Nijienhuis operators of regular Hom-Lie conformal alge-
bras and show that the deformation generated by a Hom-Nijienhuis operator is trivial.
In Section 4, we study αk-derivations of multiplicative Hom-Lie conformal algebras.
Considering the direct sum of the space of αk-derivations, we prove that it is a Hom-Lie
conformal algebra. In particular, any α1-derivation gives rise to a derivation extension of
a multiplicative Hom-Lie conformal algebra.
In Section 5, we introduce different kinds of generalized derivations of multiplicative
Hom-Lie conformal algebras, and study their properties and connections, extending some
results obtained in [5].
Throughout this paper, all vector spaces, linear maps, and tensor products are over
the complex field C. In addition to the standard notations Z and R, we use Z+ to denote
the set of nonnegative integers.
2 Cohomology of Hom-Lie conformal algebras
First we present the definition of a Hom-Lie conformal algebra given in [8].
Definition 2.1. A Hom-Lie conformal algebra is a pair (R, α) in which α : R → R is a
C-linear map satisfying α ◦ ∂ = ∂ ◦α, and R is a C[∂]-module endowed with a C-bilinear
map
[·λ·] : R⊗R −→ R[λ], a⊗ b 7→ [aλb],
called the λ-bracket, and satisfying the following axioms for a, b, c ∈ R:
Conformal sesquilinearity : [∂aλb] = −λ[aλb], [aλ∂b] = (∂ + λ)[aλb]; (2.1)
Skew − symmetry : [aλb] = −[b−∂−λa]; (2.2)
Hom Jacobi identity : [α(a)λ[bµc]] = [[aλb]λ+µα(c)] + [α(b)µ[aλc]]. (2.3)
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As usual in the theory of conformal algebras, the RHS of skew-symmetry means that
we have to take [bµa], expand as a polynomial in µ with coefficients inR and then evaluate
µ = −∂ − λ with the corresponding action of ∂ in the coefficients.
If we consider the expansion
[aλb] =
∞∑
n=0
λn
n!
a(n)b, (2.4)
the coefficients of λ
n
n!
are called the (n)-products, and the definition can be written in
terms of them (cf. [8]).
A Hom-Lie conformal algebra (R, α) is called multiplicative if α is an algebra endo-
morphism, i.e., α([aλb]) = [α(a)λα(b)] for any a, b ∈ R. In particular, if α is an algebra
isomorphism, then (R, α) is called regular.
In the following, we present a construction of Hom-Lie conformal algebras, extending
that of Lie conformal algebras given in [1].
Let (g, α) be a Hom-Lie algebra. A g-valued formal distribution is a series of the form
a(z) =
∑
n∈Z anz
−n−1, where an ∈ g and z is an indeterminate. We denote the space of
such distributions by g[[z, z−1]] and the operator ∂ on this space by ∂z . Two g-valued
formal distributions are called local if there exists N ∈ Z+, such that
(z − w)N [a(z), b(w)] = 0.
This is equivalent to saying that one has an expansion of the form:
[a(z), b(w)] =
N−1∑
j=0
(a(w)(j)b(w))∂
(j)
w δ(z − w), (2.5)
where
a(w)(j)b(w) = Resz(z − w)
j[a(z), b(w)] (2.6)
and
δ(z − w) =
∑
n∈Z
z−n−1wn.
Let F be a family of pairwise local g-valued formal distributions such that the coefficients
of all distributions from F span g. Then the pair (g,F ) is called a formal distribution
Hom-Lie algebra.
Let F¯ denote the minimal subspace of g[[z.z−1]] containing F which is closed under
all jth products (2.6), α-invariant and ∂-invariant. One knows that F¯ still consists of
pairwise local distributions. Letting
[aλb] =
∑
n∈Z+
λ(n)a(n)b,
where λ(n) = λn/n!, one endows F¯ with the structure of a Hom-Lie conformal algebra,
which is denoted by Conf(g,F ).
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Definition 2.2. A module (M,β) over a Hom-Lie conformal algebra (R, α) is a C[∂]-
module endowed with a C-linear map β and a C-bilinear map R⊗M −→M [λ], a⊗ v 7→
aλv, such that for a, b ∈ R, v ∈M ,
α(a)λ(bµv)− α(b)µ(aλv) = [aλb]λ+µβ(v), (2.7)
(∂a)λv = −λ(aλv), aλ(∂v) = (∂ + λ)aλv, (2.8)
β ◦ ∂ = ∂ ◦ β, β(aλv) = α(a)λ(βv). (2.9)
An R-module (M,β) is called finite if it is finitely generated over C[∂].
Example 2.3. Let (R, α) be a Hom-Lie conformal algebra. Then (R, α) is an R-module
under the adjoint diagonal action, namely, aλb := [aλb], ∀ a, b ∈ R.
Proposition 2.4. Let (R, α) be a multiplicative Hom-Lie conformal algebra and (M,β)
an R-module. Define a λ-bracket [·λ·]M on R⊕M by
[(a+ u)λ(b+ v)]M = [aλb] + aλv − b−∂−λu, ∀ a, b ∈ R, u, v ∈M.
Define α+ β : R⊕M →R⊕M by (α+ β)(a+ u) = α(a) + β(u). Then (R⊕M,α+ β)
is a multiplicative Hom-Lie conformal algebra.
Proof. Note that R⊕M is equipped with a C[∂]-module structure via
∂(a + u) = ∂(a) + ∂(u), a ∈ R, u ∈M.
With this, it is easy to see that (α+β)◦∂ = ∂ ◦ (α+β) and (α+β)
(
[(a+u)λ(b+v)]M
)
=
[((α + β)(a + u))λ(α + β)(b + v)]M , ∀ a, b ∈ R, u, v ∈ M . A direct computation shows
that
[∂(a + u)λ(b+ v)]M = [(∂a + ∂u)λ(b+ v)]M = [∂aλb] + (∂a)λv − b−∂−λ∂u
= −λ[aλb]− λaλv − (∂ − λ− ∂)b−∂−λu
= −λ([aλb] + aλv − b−∂−λu)
= −λ[(a + u)λ(b+ v)]M ,
[(a+ u)λ∂(b+ v)]M = [(a+ u)λ(∂b + ∂v)]M = [aλ∂b] + aλ∂v − (∂b)−∂−λu
= (∂ + λ)[aλb] + (∂ + λ)aλv − (∂ + λ)b−∂−λu
= (∂ + λ)([aλb] + aλv − b−∂−λu)
= (∂ + λ)[(a+ u)λ(b+ v)]M .
Thus (2.1) holds. (2.2) follows from
[(b+ v)−∂−λ(a+ u)]M = [b−∂−λa] + b−∂−λu− aλv = −[aλb]− aλv + b−∂−λu
= −[(a+ u)λ(b+ v)]M .
To check the Hom Jacobi identity, we compute
[(α + β)(a+ u)λ[(b+ v)µ(c+ w)]M ]M
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= [(α(a) + β(u))λ[(b+ v)µ(c+ w)]M ]M
= [(α(a) + β(u))λ([bµc] + bµw − c−∂−µv)]M
= [α(a)λ[bµc]] + α(a)λ(bµw)− α(a)λ(c−∂−µv)− [bµc]−∂−λ(βu). (2.10)
[(α + β)(b+ v)µ[(a+ u)λ(c+ w)]M ]M
= [α(b)µ[aλc]] + α(b)µ(aλw)− α(b)µ(c−∂−λu)− [aλc]−∂−µ(βv). (2.11)
[[(a + u)λ(b+ v)]M (λ+µ)(α + β)(c+ w)]M
= [([aλb] + aλv − b−∂−λu)λ+µ(α+ β)(c+ w)]M
= [[aλb]λ+µα(c)] + [aλb]λ+µ(βw)− α(c)−∂−λ−µ(aλv) + α(c)−∂−λ−µ(b−∂−λu).(2.12)
By (2.10)–(2.12), we only need to show that
α(a)λ(b−∂−µ′w)− α(b)−∂−µ′−λ(a−∂−µ′w) = [aλb]−∂−µ′ (βw). (2.13)
Since (M,β) is an R-module,
α(a)λ(bµw)− α(b)µ(aλw) = [aλb]λ+µ(βw). (2.14)
Replacing µ by −λ− µ
′
− ∂ in (2.14) and using (2.8), we obtain
α(a)λ(b−∂−µ′w)− α(b)−∂−µ′−λ(aλw) = [aλb]−∂−µ′ (βw). (2.15)
By (2.8) again, (2.15) is equivalent to (2.13). This implies
[(α + β)(a+ u)λ[(b+ v)µ(c + w)]M ]M
= [[(a + u)λ(b+ v)]Mλ+µ(α + β)(c+ w)]M + [(α + β)(b+ v)µ[(a+ u)λ(c+ w)]M ]M .
Therefore (R⊕M,α + β) is a multiplicative Hom-Lie conformal algebra.
In the following we aim to develop cohomology theory of Hom-Lie conformal algebras.
To do this, we need the following concept.
Definition 2.5. An n-cochain (n ∈ Z+) of a multiplicative Hom-Lie conformal algebra
(R, α) with coefficients in a module (M,β) is a C-linear map
γ : R⊗n → M [λ1, · · · , λn],
a1 ⊗ · · · ⊗ an 7→ γλ1,··· ,λn(a1, · · · , an),
where M [λ1, · · · , λn] denotes the space of polynomials with coefficients in M , satisfying
the following conditions:
Conformal antilinearity: γλ1,··· ,λn(a1, · · · , ∂ai, · · · , an) = −λiγλ1,··· ,λn(a1, · · · , ai, · · · , an);
Skew-symmetry: γ is skew-symmetric with respect to simultaneous permutations of ai’s
and λi’s;
Commutativity: β ◦ γ = γ ◦ α, which holds in the sense that
β(γ(a1 ⊗ · · · ⊗ an)) = γ(α(a1)⊗ · · · ⊗ α(an)).
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Let R⊗0 = C as usual, so that a 0-cochain γ is an element of M . Denote by αk the
k-times composition of α. Define a differential d of a cochain γ by
(dγ)λ1,··· ,λn+1(a1, · · · , an+1)
=
n+1∑
i=1
(−1)i+1αn(ai)λiγλ1,··· ,λˆi,··· ,λn+1(a1, · · · , aˆi, · · · , an+1)
+
n+1∑
1≤i<j
(−1)i+jγλi+λj ,λ1,··· ,λˆi,··· ,λˆj ,··· ,λn+1([aiλiaj ], α(a1), · · · , aˆi, · · · , aˆj , · · · , α(an+1)),
where γ is extended linearly over the polynomials in λi. In particular, if γ is a 0-cochain,
then (dγ)λa = aλγ.
Remark 2.6. Conformal antilinearity implies the following relation for an n-cochain γ:
γλ+µ,λ1,···([aλb], a1, · · · ) = γλ+µ,λ1,···([a−∂−µb], a1, · · · ).
Proposition 2.7. dγ is a cochain and d2 = 0.
Proof. Let γ be an n-cochain. As discussed in the proof of [1, Lemma 2.1], dγ
satisfies conformal antilinearity and skew-symmetry. Commutativity is obviously satisfied.
Thus dγ is an (n+ 1)-cochain.
A straightforward computation shows that
(d2γ)λ1,··· ,λn+2(a1, · · · , an+2)
=
n+2∑
i=1
(−1)i+1αn+1(ai)λi(dγ)λ1,··· ,λˆi,··· ,λn+2(a1, · · · , aˆi, · · · , an+2)
+
n+2∑
1≤i<j
(−1)i+j(dγ)λi+λj ,λ1,··· ,λˆi,j ,··· ,λn+2([aiλiaj ], α(a1), · · · , aˆi,j, · · · , α(an+2))
=
n+2∑
i=1
i−1∑
j=1
(−1)i+jαn+1(ai)λi(α
n(aj)λjγλ1,··· ,λˆj,i,··· ,λn+2(a1, · · · , aˆj,i, · · · , an+2)) (*1)
+
n+2∑
i=1
n+2∑
j=i+1
(−1)i+j+1αn+1(ai)λi(α
n(aj)λjγλ1,··· ,λˆi,j ,··· ,λn+2(a1, · · · , aˆi,j, · · · , an+2)) (*2)
+
n+2∑
i=1
n+2∑
1≤j<k<i
(−1)i+j+k+1αn+1(ai)λiγλj+λk,λ1,··· ,λˆj,k,i,··· ,λn+2
([ajλjak], α(a1), · · · , aˆj,k,i, · · · , α(an+2)) (*3)
+
n+2∑
i=1
n+2∑
1≤j<i<k
(−1)i+j+kαn+1(ai)λiγλj+λk,λ1,··· ,λˆj,i,k,··· ,λn+2
([ajλjak], α(a1), · · · , aˆj,i,k, · · · , α(an+2)) (*4)
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+n+2∑
i=1
n+2∑
1≤i<j<k
(−1)i+j+k+1αn+1(ai)λiγλj+λk,λ1,··· ,λˆi,j,k ,··· ,λn+2
([ajλjak], α(a1), · · · , aˆi,j,k, · · · , α(an+2)) (*5)
+
n+2∑
1≤i<j
i−1∑
k=1
(−1)i+j+kαn+1(ak)λkγλi+λj ,λ1,··· ,λˆk,i,j ,··· ,λn+2
([aiλiaj ], α(a1), · · · , aˆk,i,j, · · · , α(an+2)) (*6)
+
n+2∑
1≤i<j
j−1∑
k=i+1
(−1)i+j+k+1αn+1(ak)λkγλi+λj ,λ1,··· ,λˆi,k,j ,··· ,λn+2
([aiλiaj ], α(a1), · · · , aˆi,k,j, · · · , α(an+2)) (*7)
+
n+2∑
1≤i<j
n+2∑
k=j+1
(−1)i+j+kαn+1(ak)λkγλi+λj ,λ1,··· ,λˆi,j,k,··· ,λn+2
([aiλiaj ], α(a1), · · · , aˆi,j,k, · · · , α(an+2)) (*8)
+
n+2∑
1≤i<j
(−1)i+jαn([aiλiaj ])λi+λjγλ1,··· ,λˆj ,··· ,λˆi,··· ,λn+2(α(a1), · · · , aˆj, · · · , aˆi, · · · , α(an+2))
(*9)
+
n+2∑
distinct i,j,k,l,i<j,k<l
(−1)i+j+k+lsign{i, j, k, l}
γλk+λl,λi+λj ,λ1,··· ,λˆi,j,k,l,··· ,λn+2(α([akλkal]), α([aiλiaj]), α
2(a1), · · · , aˆi,j,k,l, · · · , α
2(an+2))
(*10)
+
n+2∑
i,j,k=1,i<j,k 6=i,j
(−1)i+j+k+1sign{i, j, k}
γλi+λj+λk,λ1,··· ,λˆi,j,k ,··· ,λn+2([[aiλiaj ]λi+λjα(ak)], α
2(a1), · · · , aˆi,j,k, · · · , α
2(an+2)), (*11)
where sign{i1, · · · , ip} is the sign of the permutation putting the indices in increasing
order and aˆi,j,··· means that ai, aj , · · · are omitted.
It is obvious that (∗3) and (∗8) summations cancel each other. The same is true
for (∗4) and (∗7), (∗5) and (∗6). The Hom Jacobi identity implies (∗11) = 0, whereas
skew-symmetry of γ gives (∗10) = 0. As M is an R-module,
−α(ai)λi(ajλjm) + α(aj)λj (aiλim) + [aiλiaj ]λi+λj (βm) = 0.
By β ◦ γ = γ ◦ α, (∗1), (∗2) and (∗9) summations cancel. This proves d2γ = 0.
Thus the cochains of a multiplicative Hom-Lie conformal algebra R with coefficients
in a module M form a comlex, which is denoted by
C˜•α = C˜
•
α(R,M) =
⊕
n∈Z+
C˜nα(R,M).
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This complex is called the basic complex for the R-module (M,β). Moreover, define a
(left) C[∂]-module structure on C˜•α by
(∂γ)λ1,··· ,λn(a1, · · · , an) = (∂M +
n∑
i=1
λi)γλ1,··· ,λn(a1, · · · , an). (2.16)
Lemma 2.8. d∂ = ∂d, and therefore the graded subspace ∂C˜•α ⊂ C˜
•
α forms a subcomplex.
Proof. For any γ ∈ C˜n−1α (R,M), we have
d(∂γ)λ1,··· ,λn(a1, · · · , an)
=
n∑
i=1
(−1)i+1αn−1(ai)λi(∂γ)λ1,··· ,λˆi,··· ,λn(a1, · · · , aˆi, · · · , an)
+
n∑
1≤i<j
(−1)i+j(∂γ)λi+λj ,λ1,··· ,λˆi,··· ,λˆj ,··· ,λn([aiλiaj ], α(a1), · · · , aˆi, · · · , aˆj, · · · , α(an))
=
n∑
i=1
(−1)i+1αn−1(ai)λi(∂M +
n∑
j=1,j 6=i
λj)γλ1,··· ,λˆi,··· ,λn(a1, · · · , aˆi, · · · , an)
+
n∑
1≤i<j
(−1)i+j(∂M +
n∑
k=1,k 6=i,j
λk)
γλi+λj ,λ1,··· ,λˆi,··· ,λˆj ,··· ,λn([aiλiaj ], α(a1), · · · , aˆi, · · · , aˆj , · · · , α(an))
=
n∑
i=1
(−1)i+1(∂M +
n∑
j=1
λj)α
n−1(ai)λiγλ1,··· ,λˆi,··· ,λn(a1, · · · , aˆi, · · · , an)
+(∂M +
n∑
k=1
λk)
n∑
1≤i<j
(−1)i+j
γλi+λj ,λ1,··· ,λˆi,··· ,λˆj ,··· ,λn([aiλiaj ], α(a1), · · · , aˆi, · · · , aˆj , · · · , α(an))
= ∂(dγ)λ1,··· ,λn(a1, · · · , an).
So d∂ = ∂d and ∂C˜•α ⊂ C˜
•
α forms a subcomplex.
Define the quotient complex
C•α(R,M) = C˜
•
α(R,M)/∂C˜
•
α(R,M) =
⊕
n∈Z+
Cnα(R,M),
called the reduced complex.
Definition 2.9. The basic cohomology H˜•α(R,M) of a multiplicative Hom-Lie conformal
algebra R with coefficients in a module (M,β) is the cohomology of the basic complex
C˜•α. The reduced cohomology H
•
α(R,M) is the cohomology of the reduced complex C
•
α.
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Remark 2.10. The basic cohomology H˜•α(R,M) is naturally a C[∂]-module, whereas the
reduced cohomology H•α(R,M) is a complex vector space.
Remark 2.11. The exact sequence 0 → ∂C˜•α → C˜
•
α → C
•
α → 0 gives the long exact
sequence of cohomology:
0→ H0α(∂C˜
•)→ H˜0α(R,M)→ H
0
α(R,M)→
→ H1α(∂C˜
•)→ H˜1α(R,M)→ H
1
α(R,M)→
→ H2α(∂C˜
•)→ H˜2α(R,M)→ H
2
α(R,M)→ · · · .
3 Deformations of Hom-Lie conformal algebras
Let (R, α) be a regular Hom-Lie conformal algebra. For any fixed integer s, define
aλb = [α
s(a)λb], ∀ a, b ∈ R. (3.1)
Proposition 3.1. (R, α) is an R-module with the λ-action given in (3.1).
Proof. It only consists of checking the axioms from Definition 2.2.
Remark 3.2. In the case of s = 0, (R, α) as an R-module is just the usual adjoint
module. Otherwise, we denote the module (R, α) by Rs to emphasize the dependence of
R on s, and call Rs the α
s-adjoint module over R.
Let γ ∈ C˜nα(R,Rs). Define an operator ds : C˜
n
α(R,Rs)→ C˜
n+1
α (R,Rs) by
(dsγ)λ1,··· ,λn+1(a1, · · · , an+1)
=
n+1∑
i=1
(−1)i+1[αn+s(ai)λiγλ1,··· ,λˆi,··· ,λn+1(a1, · · · , aˆi, · · · , an+1)]
+
n+1∑
1≤i<j
(−1)i+jγλi+λj ,λ1,··· ,λˆi,··· ,λˆj ,··· ,λn+1([aiλiaj], α(a1), · · · , aˆi, · · · , aˆj, · · · , α(an+1)).
Obviously, the operator ds is induced from the differential d. Thus ds preserves the space
of cochains and satisfies d2s = 0. In the following the complex C˜
•
α(R,Rs) is assumed to
be associated with the differential ds.
Taking s = −1, for ψ ∈ C˜2α(R,R−1), we consider a t-parameterized family of bilinear
operations on R
[aλb]t = [aλb] + tψλ,−∂−λ(a, b), ∀ a, b ∈ R. (3.2)
Since ψ commutes with α, α is an algebra homomorphism with respect to the bracket
[·λ·]t for each t. If [·λ·]t endows (R, [·λ·]t, α) with a regular Hom-Lie conformal algebra
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structure, we say that ψ generates a deformation of the regular Hom-Lie conformal algebra
(R, α). It is easy to see that [·λ·]t satisfies (2.1) and (2.2). If it is true for (2.3), expanding
the Hom Jacobi identity for [·λ·]t gives
[α(a)λ[bµc]] + t([α(a)λψµ,−∂−µ(b, c)] + ψλ,−∂−λ(α(a), [bµc]))
+t2ψλ,−∂−λ(α(a), ψµ,−∂−µ(b, c))
= [α(b)µ[aλc]] + t([α(b)µψλ,−∂−λ(a, c)] + ψµ,−∂−µ(α(b), [aλc]))
+t2ψµ,−∂−µ(α(b), ψλ,−∂−λ(a, c))
+[[aλb]λ+µα(c)] + t([ψλ,−∂−λ(a, b)λ+µα(c)] + ψλ+µ,−∂−λ−µ([aλb], α(c)))
+t2ψλ+µ,−∂−λ−µ(ψλ,−∂−λ(a, b), α(c)).
This is equivalent to the following relations
[α(a)λψµ,−∂−µ(b, c)] + ψλ,−∂−λ(α(a), [bµc])− ψλ+µ,−∂−λ−µ([aλb], α(c))
= [α(b)µψλ,−∂−λ(a, c)] + ψµ,−∂−µ(α(b), [aλc]) + [ψλ,−∂−λ(a, b)λ+µα(c)] (3.3)
ψλ,−∂−λ(α(a), ψµ,−∂−µ(b, c))
= ψµ,−∂−µ(α(b), ψλ,−∂−λ(a, c)) + ψλ+µ,−∂−λ−µ(ψλ,−∂−λ(a, b), α(c)). (3.4)
By skew-symmetry and conformal sesquilinearity of ψ, we have
[ψλ,−∂−λ(a, b)λ+µα(c)] = −[α(c)−∂−λ−µψλ,−∂−λ(a, b)] = −[α(c)−∂−λ−µψλ,µ(a, b)]. (3.5)
On the other hand, let ψ be a cocycle, i.e., d−1ψ = 0. Explicitly,
0 = (d−1ψ)λ,µ,γ(a, b, c)
= [α(a)λψµ,γ(b, c)]− [α(b)µψλ,γ(a, c)] + [α(c)γψλ,µ(a, b)]
−ψλ+µ,γ([aλb], α(c)) + ψλ+γ,µ([aλc], α(b))− ψµ+γ,λ([bµc], α(a))
= [α(a)λψµ,γ(b, c)]− [α(b)µψλ,γ(a, c)]− [ψλ,µ(a, b)−∂−γα(c)]
+ψλ,µ+γ(α(a), [bµc])− ψµ,λ+γ(α(b), [aλc])− ψλ+µ,γ([aλb], α(c)). (3.6)
By (2.1), (3.5) and replacing γ by −λ− µ− ∂ in (3.6), we obtain
0 = [α(a)λψµ,−∂−µ(b, c)]− [α(b)µψλ,−∂−λ(a, c)]− [ψλ,µ(a, b)λ+µα(c)]
+ψλ,−∂−λ(α(a), [bµc])− ψµ,−∂−µ(α(b), [aλc])− ψλ+µ,−∂−λ−µ([aλb], α(c)),
which is exactly (3.3). Thus, when ψ is a 2-cocycle satisfying (3.4), (R, [·λ·]t, α) forms a
regular Hom-Lie conformal algebra. In this case, ψ generates a deformation of the regular
Hom-Lie conformal algebra (R, α).
A deformation is said to be trivial if there is a linear operator f ∈ C˜1α(R,R−1) such
that for Ttλ = id + tfλ, there holds
Tt−∂([aλb]t) = [(Ttλ(a))λTt−∂(b)], ∀ a, b ∈ R. (3.7)
10
Definition 3.3. A linear operator f ∈ C˜1α(R,R−1) is called a Hom-Nijienhuis operator
if
[(fλ(a))λ(fµ(b))] = fλ+µ([aλb]N), ∀ a, b ∈ R, (3.8)
where the bracket [·λ·]N is defined by
[aλb]N = [(fλ(a))λb] + [aλ(f−∂(b))]− f−∂([aλb]), ∀ a, b ∈ R. (3.9)
Remark 3.4. In particular, by (C1)λ and setting µ = −∂ − λ in Eq.(3.8), we obtain
[(fλ(a))λf−∂(b)] = f−∂([aλb]N ), ∀ a, b ∈ R. (3.10)
Theorem 3.5. Let (R, α) be a regular Hom-Lie conformal algebra, and f ∈ C˜1α(R,R−1)
a Hom-Nijienhuis operator. Then a deformation of (R, α) can be obtained by putting
ψλ,−∂−λ(a, b) := (d−1f)λ,−∂−λ(a, b) := [aλb]N , ∀ a, b ∈ R. (3.11)
Furthermore, this deformation is trivial.
Proof. Since ψ = d−1f , d−1ψ = 0 is valid. To see that ψ generates a deformation
of (R, α), we need to check (3.4) for ψ. By (3.9) and (3.11), we get
ψλ,−∂−λ(α(a), ψµ,−∂−µ(b, c)) = [α(a)λ[bµc]N ]N ,
where the right hand side reads
ψλ,−∂−λ(α(a), ψµ,−∂−µ(b, c)) = [α(a)λ[bµc]N ]N
= [(fλα(a))λ([bµc]N)] + [α(a)λ(f−∂([bµc]N))]− f−∂([α(a)λ[bµc]N ])
= [(fλα(a))λ[(fµ(b))µc]] + [(fλα(a))λ[bµ(f−∂(c))]]− [(fλα(a))λ(f−∂([bµc]))]
+[α(a)λ(f−∂([bµc]N))]
−f−∂([α(a)λ[(fµ(b))µc]])− f−∂([α(a)λ[bµ(f−∂(c))]]) + f−∂([α(a)λ(f−∂([bµc]))])
= [(fλα(a))λ[(fµ(b))µc]]︸ ︷︷ ︸
(1)
+ [(fλα(a))λ[bµ(f−∂(c))]]︸ ︷︷ ︸
(2)
−[(fλα(a))λ(f−∂([bµc]))]
+ [α(a)λ[(fµ(b))µ(f−∂(c))]]︸ ︷︷ ︸
(3)
−f−∂([α(a)λ[(fµ(b))µc]])︸ ︷︷ ︸
(4)
−f−∂([α(a)λ[bµ(f−∂(c))]])︸ ︷︷ ︸
(5)
+f−∂([α(a)λ(f−∂([bµc]))]).
Therefore,
ψµ,−∂−µ(α(b), ψλ,−∂−λ(a, c))
= [(fµα(b))µ[(fλ(a))λc]]︸ ︷︷ ︸
(1)′
+ [(fµα(b))µ[aλ(f−∂(c))]]︸ ︷︷ ︸
(3)′
−[(fµα(b))µ(f−∂([aλc]))]
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+ [α(b)µ[(fλ(a))λ(f−∂(c))]]︸ ︷︷ ︸
(2)′
−f−∂([α(b)µ[(fλ(a))λc]])︸ ︷︷ ︸
(6)′
−f−∂([α(b)µ[aλ(f−∂(c))]])︸ ︷︷ ︸
(5)′
+f−∂([α(b)µ(f−∂([aλc]))])
and
ψλ+µ,−∂−λ−µ(ψλ,−∂−λ(a, b), α(c))
= [(fλ+µ([aλb]N ))λ+µα(c)] + [([aλb]N)λ+µ(f−∂α(c))]− f−∂([([aλb]N )λ+µ)α(c)])
= [[(fλ(a))λ(fµ(b))]λ+µα(c)]︸ ︷︷ ︸
(1)′′
+ [[(fλ(a))λb]λ+µ(f−∂α(c))]︸ ︷︷ ︸
(2)′′
+ [[aλ(f−∂(b))]λ+µ(f−∂α(c))]︸ ︷︷ ︸
(3)′′
−[(f−∂([aλb]))λ+µ(f−∂α(c))]
−f−∂([(fλ(a))λb]λ+µα(c)])︸ ︷︷ ︸
(6)′′
−f−∂([[aλ(f−∂(b))]λ+µ︸ ︷︷ ︸
(4)′′
α(c)]) + f−∂([(f−∂([aλb]))λ+µα(c)]).
Since f is a Hom-Nijienhuis operator, we get
−[(fλα(a))λ(f−∂([bµc]))] + f−∂([α(a)λ(f−∂([bµc]))])
= −f−∂([(fλα(a))λ[bµc]])︸ ︷︷ ︸
(6)
+ f 2−∂([α(a)λ[bµc]])︸ ︷︷ ︸
(7)
,
−[(fµα(b))µ(f−∂([aλc]))] + f−∂([α(b)µ(f−∂([aλc]))])
= −f−∂([(fµα(b))µ[aλc]])︸ ︷︷ ︸
(4)′
+ f 2−∂([α(b)µ[aλc]])︸ ︷︷ ︸
(7)′
.
By (2.1) and (3.10),
−[(f−∂([aλb]))λ+µ(f−∂α(c))] + f−∂([(f−∂([aλb]))λ+µα(c)])
= −[(fλ+µ([aλb]))λ+µ(f−∂α(c))] + f−∂([(fλ+µ([aλb]))λ+µα(c)])
= −f−∂([[aλb]λ+µ(f−∂α(c))])︸ ︷︷ ︸
(5)
′′
+ f 2−∂([[aλb]λ+µα(c)])︸ ︷︷ ︸
(7)′′
.
Note that according to the Hom Jacobi identity and (2.1) for a, b, c ∈ R,
[α(a)λ[(fµ(b))µ(f−∂(c))]] = [[aλfµ(b)]λ+µ(f−∂α(c))] + [(fµα(b))µ[aλ(f−∂(c))]]
is equivalent to
[α(a)λ[(fµ(b))µ(f−∂(c))]] = [[aλf−∂(b)]λ+µ(f−∂α(c))] + [(fµα(b))µ[aλ(f−∂(c))]].
Thus (i) + (i)
′
+ (i)
′′
= 0, for i = 1, · · · , 7. This proves that ψ generates a deformation of
the regular Hom-Lie conformal algebra (R, α).
Let Ttλ = id + tfλ. By (3.2) and (3.11),
Tt−∂([aλb]t) = (id + tf−∂)([aλb] + tψλ,−∂−λ(a, b))
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= (id + tf−∂)([aλb] + t[aλb]N)
= [aλb] + t([aλb]N + f−∂([aλb])) + t
2f−∂([aλb]N). (3.12)
On the other hand,
[Ttλ(a)λTt−∂(b)] = [(a+ tfλ(a))λ(b+ tf−∂(b))]
= [aλb] + t([(fλ(a))λb] + [aλ(f−∂(b))]) + t
2[(fλ(a))λ(f−∂(b))].(3.13)
Combining (3.12) with (3.13) gives Tt([aλb]t) = [Tt(a)λTt(b)]. Therefore the deformation
is trivial.
4 αk-Derivations of multiplicative Hom-Lie confor-
mal algebras
For convenience, we denote by A the ring C[∂] of polynomials in the indeterminate ∂.
Definition 4.1. A conformal linear map between A -module V and W is a linear map
φ : V → A [λ]⊗A W such that
φ(∂v) = (∂ + λ)(φv). (4.1)
We will often abuse the notation by writing φ : V →W any time it is clear from the
context that φ is a conformal linear map. We will also write φλ instead of φ to emphasize
the dependence of φ on λ.
The set of all conformal linear maps from V to W is denoted by Chom(V,W ) and is
made into an A -module via
(∂φ)λv = −λφλv. (4.2)
We will write Cend(V ) for Chom(V, V ).
Definition 4.2. Let (R, α) be a multiplicative Hom-Lie conformal algebra. Then a
conformal linear map Dλ : R → R[λ] is called an α
k-derivation of (R, α) if
Dλ ◦ α = α ◦Dλ,
and
Dλ([aµb]) = [Dλ(a)λ+µα
k(b)] + [αk(a)µDλ(b)]. (4.3)
Denote by Derαs(R) the set of α
s-derivations of the multiplicative Hom-Lie conformal
algebra (R, α). For any a ∈ R satisfying α(a) = a, define Dk(a) : R → R by
Dk(a)λ(b) = [aλα
k(b)], ∀ b ∈ R.
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Then Dk(a) is an α
k+1-derivation, which is called an inner αk+1-derivation. In fact,
Dk(a)λ(∂b) = [aλα
k(∂b)] = [aλ∂(α
k(b))] = (∂ + λ)Dk(a)λ(b),
Dk(a)λ(α(b)) = [aλα
k+1(b)] = α([aλα
k(b)]) = α ◦Dk(a)λ(b),
Dk(a)λ([bµc]) = [aλα
k([bµc])] = [α(a)λ[α
k(b)µα
k(c)]]
= [αk+1(b)µ[aλα
k(c)]] + [[aλα
k(b)]λ+µα
k+1(c)]
= [(Dk(a)λ(b))λ+µα
k+1(c)] + [αk+1(b)µ(Dk(a)λ(c))].
Denote by Innαk(R) the set of inner α
k-derivations. For Dλ ∈ Derαk(R) and D
′
µ−λ ∈
Derαs(R), define their commutator [DλD
′
]µ by
[DλD
′
]µ(a) = Dλ(D
′
µ−λa)−D
′
µ−λ(Dλa), ∀ a ∈ R. (4.4)
Lemma 4.3. For any Dλ ∈ Derαk(R) and D
′
µ−λ ∈ Derαs(R), we have
[DλD
′
] ∈ Derαk+s(R)[λ].
Proof. For any a, b ∈ R, we have
[DλD
′
]µ(∂a) = Dλ(D
′
µ−λ∂a)−D
′
µ−λ(Dλ∂a)
= Dλ((∂ + µ− λ)D
′
µ−λa) +D
′
µ−λ((∂ + λ)Dλa)
= (∂ + µ)Dλ(D
′
µ−λa)− (∂ + µ)D
′
µ−λ(Dλa)
= (∂ + µ)[DλD
′
]µ(a),
and
[DλD
′
]µ([aγb]) = Dλ(D
′
µ−λ[aγb])−D
′
µ−λ(Dλ[aγb])
= Dλ([D
′
µ−λ(a)µ−λ+γα
s(b)] + [αs(a)γD
′
µ−λ(b)])
−D
′
µ−λ([Dλ(a)λ+γα
k(b)] + [αk(a)γDλ(b)])
= [(Dλ(D
′
µ−λ(a))µ+γα
k+s(b)] + [αk(D
′
µ−λ(a))µ−λ+γDλ(α
s(b))]
+[Dλ(α
s(a))λ+γα
k(D
′
µ−λ(b))] + [α
k+s(a)γ(Dλ(D
′
µ−λ(b)))]
−[(D
′
µ−λDλ(a))µ+γα
k+s(b)]− [αs(Dλ(a))λ+γ(D
′
µ−λ(α
k(b)))]
−[(D
′
µ−λ(α
k(a)))µ−λ+γα
s(Dλ(b))]− [α
k+s(a)λ(D
′
µ−λ(Dλ(b)))]
= [([DλD
′
]µa)µ+γα
k+s(b)] + [αk+s(a)γ([DλD
′
]µb)].
Therefore, [DλD
′
] ∈ Derαk+s(R)[λ].
Denote
Der(R) =
⊕
k≥0
Derαk(R). (4.5)
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Proposition 4.4. (Der(R), α
′
) is a Hom-Lie conformal algebra with respect to (4.4),
where α
′
(D) = D ◦ α.
Proof. By (4.2), Der(R) is a C[∂]-module. By (4.1), (4.2) and (4.4), (2.1) and (2.2)
are satisfied. To check the Hom Jacobi identity, we compute separately
[α
′
(D)λ[D
′
µD
′′
]]θ(a) = (D ◦ α)λ([D
′
µD
′′
]θ−λa)− [D
′
µD
′′
]θ−λ((D ◦ α)λa)
= Dλ([D
′
µD
′′
]θ−λα(a))− [D
′
µD
′′
]θ−λ(Dλα(a))
= Dλ(D
′
µ(D
′′
θ−λ−µα(a)))−Dλ(D
′′
θ−λ−µ(D
′
µα(a)))
−D
′
µ(D
′′
θ−λ−µ(Dλα(a))) +D
′′
θ−λ−µ(D
′
µ(Dλα(a))),
[α
′
(D
′
)µ[DλD
′′
]]θ(a) = D
′
µ(Dλ(D
′′
θ−λ−µα(a)))−D
′
µ(D
′′
θ−λ−µ(Dλα(a)))
−Dλ(D
′′
θ−λ−µ(D
′
µα(a))) +D
′′
θ−λ−µ(Dλ(D
′
µα(a))),
[[DλD
′
]λ+µα
′
(D
′′
)]θ(a) = [DλD
′
]λ+µ(D
′′
θ−λ−µα(a))−D
′′
θ−λ−µ([DλD
′
]λ+µα(a))
= Dλ(D
′
µ(D
′′
θ−λ−µα(a)))−D
′
µ(Dλ(D
′′
θ−λ−µα(a)))
−D
′′
θ−λ−µ(Dλ(D
′
µα(a))) +D
′′
θ−λ−µ(D
′
µ(Dλα(a))).
Thus [α
′
(D)λ[D
′
µD
′′
]]θ(a) = [α
′
(D
′
)µ[DλD
′′
]]θ(a) + [[DλD
′
]λ+µα
′
(D
′′
)]θ(a). This proves
that (Der(R), α
′
) is a Hom-Lie conformal algebra.
At the end of this section, we give an application of the α-derivations of a multi-
plicative Hom-Lie conformal algebra (R, α). For any Dλ ∈ Cend(R), define a bilinear
operation [·λ·]D on the vector space R⊕ RD by
[(a +mD)λ(b+ nD)]D = [aλb] +mDλ(b)− nD−λ−∂(a), ∀ a, b ∈ R, m, n ∈ R, (4.6)
and a linear map α
′
: R⊕ RD →R⊕ RD by α
′
(a +D) = α(a) +D.
Proposition 4.5. (R⊕RD,α
′
) is a multiplicative Hom-Lie conformal algebra if and only
if Dλ is an α-derivation of (R, α).
Proof. Suppose that (R ⊕ RD,α
′
) is a multiplicative Hom-Lie conformal algebra.
First, expanding both sides of α
′
([(a + mD)λ(b + nD)]D) = [α
′
(a + mD)λα
′
(b + nD)]D
gives α([aλb])+mα ◦Dλ(b)−nα ◦D−λ−∂(a) = [α(a)λα(b)]+mDλα(b)−nD−λ−∂α(a) and
thus α ◦Dλ = Dλ ◦ α. Second, the Hom Jacobi identity gives
[α
′
(D)µ[aλb]D]D = [[Dµa]Dλ+µα
′
(b)]D + [α
′
(a)λ[Dµb]D]D,
which is exactly Dµ([aλb]) = [(Dµa)λ+µα(b)] + [α(a)λ(Dµb)] by (4.6). Therefore, Dλ is an
α-derivation of (R, α).
Conversely, let Dλ be an α-derivation of (R, α). For any a, b, c ∈ R, m,n ∈ R,
[(b+ nD)−∂−λ(a+mD)]D = [b−∂−λa] + nD−λ−∂(a)−mDλ(b)
= −([aλb] +mDλ(b)− nD−λ−∂(a))
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= −[(a +mD)λ(b+ nD)]D,
which proves (2.2). And it is obvious that
[∂Dλa]D = −λ[Dλa]D,
[∂aλD]D = −D−∂−λ(∂a) = −λ[aλD]D,
[Dλ∂a]D = Dλ(∂a) = (∂ + λ)Dλ(a) = (∂ + λ)[Dλa]D,
[aλ∂D]D = −(∂D)−λ−∂a = (∂ + λ)[aλD]D,
α
′
◦ ∂ = ∂ ◦ α
′
.
Thus (2.1) follows. The Hom Jacobi identity is easy to check.
5 Generalized αk-derivations of multiplicative Hom-
Lie conformal algebras
Let (R, α) be a multiplicative Hom-Lie conformal algebra. Define
Ω = {Dλ ∈ Cend(R)|Dλ ◦ α = α ◦Dλ}.
Then Ω is a Hom-Lie conformal algebra with respect to (4.4), and Der(R) is a subalgebra
of Ω.
Definition 5.1. An element Dµ in Ω is called
• a generalized αk-derivation of R, if there exist D
′
µ, D
′′
µ ∈ Ω such that
[(Dµ(a))λ+µα
k(b)] + [αk(a)λ(D
′
µ(b))] = D
′′
µ([aλb]), ∀ a, b ∈ R. (5.1)
• an αk-quasiderivation of R, if there is D
′
µ ∈ Ω such that
[(Dµ(a))λ+µα
k(b)] + [αk(a)λ(Dµ(b))] = D
′
µ([aλb]), ∀ a, b ∈ R. (5.2)
• an αk-centroid of R, if it satisfies
[(Dµ(a))λ+µα
k(b)] = [αk(a)λ(Dµ(b))] = Dµ([aλb]), ∀ a, b ∈ R. (5.3)
• an αk-quasicentroid of R, if it satisfies
[(Dµ(a))λ+µα
k(b)] = [αk(a)λ(Dµ(b))], ∀ a, b ∈ R. (5.4)
• an αk-central derivation of R, if it satisfies
[(Dµ(a))λ+µα
k(b)] = Dµ([aλb]) = 0, ∀ a, b ∈ R. (5.5)
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Denote by GDerαk(R), QDerαk(R), Cαk(R), QCαk(R) and ZDerαk(R) the sets of
all generalized αk-derivations, αk-quasiderivations, αk-centroids, αk-quasicentroids and
αk-central derivations of R, respectively. Set
GDer(R) :=
⊕
k≥0
GDerαk(R), QDer(R) :=
⊕
k≥0
QDerαk(R).
C(R) :=
⊕
k≥0
Cαk(R), QC(R) :=
⊕
k≥0
QCαk(R), ZDer(R) :=
⊕
k≥0
ZDerαk(R).
It is easy to see that
ZDer(R) ⊆ Der(R) ⊆ QDer(R) ⊆ GDer(R) ⊆ Cend(R), C(R) ⊆ QC(R) ⊆ GDer(R).
(5.6)
Proposition 5.2. Let (R, α) be a multiplicative Hom-Lie conformal algebra. Then
(1) GDer(R), QDer(R) and C(R) are subalgebras of Ω.
(2) ZDer(R) is an ideal of Der(R).
Proof. (1) We only prove that GDer(R) is a subalgebra of Ω. The proof for the
other two cases is exactly analogous.
For Dµ ∈ GDerαk(R), Hµ ∈ GDerαs(R), a, b ∈ R, there exist D
′
µ, D
′′
µ ∈ Ω (resp.
H
′
µ, H
′′
µ ∈ Ω ) such that (5.1) holds for Dµ (resp. Hµ). Recall that α
′(Dµ) = Dµ ◦ α.
[(α
′
(Dµ)(a))λ+µα
k+1(b)] = [(Dµ(α(a)))λ+µα
k+1(b)] = α([(Dµ(a))λ+µα
k(b)])
= α(D
′′
µ([aλb])− [α
k(a)λD
′
µ(b)])
= α
′
(D
′′
µ)([aλb])− [α
k+1(a)λ(α
′
(D
′
µ)(b))].
This gives α
′
(Dµ) ∈ GDerαk+1(R). Furthermore, we need to show
[D
′′
µH
′′
]θ([aλb]) = [([DµH ]θ(a))λ+θα
k+s(b)] + [αk+s(a)λ([D
′
µH
′
]θ(b))]. (5.7)
By (4.4), we have
[([DµH ]θ(a))λ+θα
k+s(b)] = [(Dµ(Hθ−µ(a)))λ+θα
k+s(b)]− [(Hθ−µ(Dµ(a)))λ+θα
k+s(b)].(5.8)
By (5.1), we obtain
[(Dµ(Hθ−µ(a)))λ+θα
k+s(b)]
= D
′′
µ([(Hθ−µ(a))λ+θ−µα
s(b)])− [αk(Hθ−µ(a))λ+θ−µ(D
′
µ(α
s(b)))]
= D
′′
µ(H
′′
θ−µ([aλb]))−D
′′
µ([α
s(a)λ(H
′
θ−µ(b)))]
−H
′′
θ−µ([α
k(a)λ(D
′
µ(b))]) + [α
k+s(a)λ(H
′
θ−µ(D
′
µ(b)))], (5.9)
[(Hθ−µ(Dµ(a)))λ+θα
k+s(b)]
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= H
′′
θ−µ([(Dµ(a))λ+µα
k(b)])− [αs(Dµ(a))λ+µ(H
′
θ−µ(α
k(b)))]
= H
′′
θ−µ(D
′′
µ([aλb]))−H
′′
θ−µ([α
k(a)λ(D
′
µ(b)])
−D
′′
µ([α
s(a)λ(H
′
θ−µ(b))]) + [α
k+s(a)λ(D
′
µ(H
′
θ−µ(b))). (5.10)
Substituting (5.9) and (5.10) into (5.8) gives (5.7). Hence [DµH ] ∈ GDerαk+s(R)[µ], and
GDer(R) is a Hom sub-algebra of Ω.
(2) For D1µ ∈ ZDerαk(R), D2µ ∈ Derαs(R), and a, b ∈ R, we have
[(α
′
(D1)µ(a))λ+µα
k+1(b)] = α([(D1µ(a))λ+µα
k(b)]) = α
′
(D1)µ([aλb]) = 0,
which proves α
′
(D1) ∈ ZDerαk+1(R). By (5.5),
[D1µD2]θ([aλb]) = D1µ(D2θ−µ([aλb]))−D2θ−µ(D1µ([aλb])) = D1µ(D2θ−µ([aλb]))
= D1µ([(D2θ−µ(a))λ+θ−µα
s(b)] + [αs(a)λD2θ−µ(b)]) = 0,
[[D1µD2]θ(a)λ+θα
k+s(b)] = [(D1µ(D2θ−µ(a))−D2θ−µ(D1µ(a)))λ+θα
k+s(b)]
= [−(D2θ−µ(D1µ(a)))λ+θα
k+s(b)]
= −D2θ−µ([D1µ(a)λ+µα
k(b)]) + [αs(D1µ(a))λ+µD2θ−µ(α
k(b))]
= 0.
This shows that [D1µD2] ∈ ZDerαk+s(R)[µ]. Thus ZDer(R) is an ideal of Der(R).
Lemma 5.3. Let (R, α) be a multiplicative Hom-Lie conformal algebra. Then
(1) [Der(R)λC(R)] ⊆ C(R)[λ],
(2) [QDer(R)λQC(R)] ⊆ QC(R)[λ],
(3) [QC(R)λQC(R)] ⊆ QDer(R)[λ].
Proof. It is straightforward.
Theorem 5.4. Let (R, α) be a multiplicative Hom-Lie conformal algebra. Then
GDer(R) = QDer(R) + QC(R).
Proof. For Dµ ∈ GDerαk(R), there exist D
′
µ, D
′′
µ ∈ Ω such that
[Dµ(a)λ+µα
k(b)] + [αk(a)λD
′
µ(b)] = D
′′
µ([aλb]), ∀ a, b ∈ R. (5.11)
By (2.2) and (5.11), we get
[αk(b)−∂−λ−µDµ(a)] + [D
′
µ(b)−∂−λα
k(a)] = D
′′
µ([b−∂−λa]). (5.12)
By (2.1) and setting λ
′
= −∂ − λ− µ in (5.12), we obtain
[αk(b)λ′Dµ(a)] + [D
′
µ(b)µ+λ′α
k(a)] = D
′′
µ([bλ′a]). (5.13)
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Then, changing the place of a and b and replacing λ
′
by λ in (5.13) give
[αk(a)λDµ(b)] + [D
′
µ(a)λ+µα
k(b)] = D
′′
µ([aλb]). (5.14)
Combining (5.11) with (5.14) gives
[
Dµ +D
′
µ
2
(a)λ+µα
k(b)] + [αk(a)λ
Dµ +D
′
µ
2
(b)] = D
′′
µ([aλb]),
[
Dµ −D
′
µ
2
(a)λ+µα
k(b)]− [αk(a)λ
Dµ −D
′
µ
2
(b)] = 0.
It follows that
Dµ+D
′
µ
2
∈ QDerαk(R) and
Dµ−D
′
µ
2
∈ QCαk(R). Hence
Dµ =
Dµ +D
′
µ
2
+
Dµ −D
′
µ
2
∈ QDer(R) + QC(R),
proving that GDer(R) ⊆ QDer(R) + QC(R). The reverse inclusion relation follows from
(5.6) and Lemma 5.3.
Theorem 5.5. Let (R, α) be a multiplicative Hom-Lie conformal algebra, α a surjection
and Z(R) the center of R. Then [C(R)λQC(R)] ⊆ Chom(R,Z(R))[λ]. Moreover, if
Z(R) = 0, then [C(R)λQC(R)] = 0.
Proof. Since α is surjective, for any b
′
∈ R, there exists b ∈ R such that b
′
= αk+s(b).
For D1µ ∈ Cαk(R), D2µ ∈ QCαs(R), and a ∈ R, by (5.3)and (5.4), we have
[([D1µD2]θ(a))λ+θb
′
] = [([D1µD2]θ(a))λ+θα
k+s(b)]
= [(D1µ(D2θ−µ(a)))λ+θα
k+s(b)]− [(D2θ−µ(D1µ(a)))λ+θα
k+s(b)]
= D1µ([D2θ−µ(a)λ+θ−µα
s(b)])− [αs(D1µ(a))λ+µD2θ−µ(α
k(b))]
= D1µ([D2θ−µ(a)λ+θ−µα
s(b)])−D1µ([α
s(a)λD2θ−µ(b)])
= D1µ([D2θ−µ(a)λ+θ−µα
s(b)]− [αs(a)λD2θ−µ(b)])
= 0.
Hence [D1µD2](a) ∈ Z(R)[µ], and then [D1µD2] ∈ Chom(R,Z(R))[µ]. If Z(R) = 0, then
[D1µD2](a) = 0, ∀ a ∈ R. Thus [C(R)λQC(R)] = 0.
Proposition 5.6. Let (R, α) be a multiplicative Hom-Lie conformal algebra, and α a
surjection. If Z(R) = 0, then QC(R) is a Hom-Lie conformal algebra if and only if
[QC(R)λQC(R)] = 0.
Proof. (⇒) Assume that QC(R) is a Hom-Lie conformal algebra. Since α is surjec-
tive, for any b
′
∈ R, there exists b ∈ R such that b
′
= αk+s(b). ForD1µ ∈ QCαk(R), D2µ ∈
QCαs(R), [D1µD2] ∈ QCαk+s(R)[µ]. For a ∈ R, by (5.4), we have
[([D1µD2]θ(a))λ+θb
′
] = [([D1µD2]θ(a))λ+θα
k+s(b)] = [αk+s(a)λ([D1µD2]θ(b))]. (5.15)
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By (4.4) and (5.4), we obtain
[([D1µD2]θ(a))λ+θα
k+s(b)]
= [(D1µ(D2θ−µ(a)))λ+θα
k+s(b)]− [(D2θ−µ(D1µ(a)))λ+θα
k+s(b)]
= [αk(D2θ−µ(a))λ+θ−µ(D1µ(α
s(b)))]− [αs(D1µ(a))λ+µ(D2θ−µ(α
k(b)))]
= [αk+s(a)λ(D2θ−µ(D1µ(b)))]− [α
k+s(a)λ(D1µ(D2θ−µ(b)))]
= −[αk+s(a)λ([D1µD2]θ(b))]. (5.16)
Combining (5.15) with (5.16) gives
[([D1µD2]θ(a))λ+θb
′
] = [([D1µD2]θ(a))λ+θα
k+s(b)] = 0,
and thus [D1µD2]θ(a) ∈ Z(R)[µ] = 0, since Z(R) = 0. Therefore, [D1µD2] = 0.
(⇐) It is clear.
Let (R, α) be a multiplicative Hom-Lie conformal algebra and t an indeterminate.
Denote
R˘ = R[tC(t)/(t3)] = {
∑
(a⊗ t + b⊗ t2)|a, b ∈ R}.
Define on R˘
α˘(a⊗ ti) = α(a)⊗ ti, ∂(a⊗ ti) = ∂a⊗ ti, i = 1, 2.
Then (R˘, α˘) is a Hom-Lie conformal algebra with the following λ-bracket
[(a⊗ ti)λ(b⊗ t
j)] = [aλb]⊗ t
i+j , i, j = 1, 2. (5.17)
In the following, we shall simply write xti for a⊗ ti, i = 1, 2, and denote by [R,R] as the
C-linear span of all λ-coefficients in the products [aλb], where a, b ∈ R. If U is a subspace
of R such that R = U ⊕ [R,R], then R˘ = Rt +Rt2 = Rt + [R,R]t2 + Ut2.
Define a map ϕ : QDer(R)→ Cend(R˘) by
ϕ(Dµ)(at+ bt
2 + ut2) = Dµ(a)t +D
′
µ(b)t
2, ∀ a ∈ R, b ∈ [R,R], u ∈ U, (5.18)
where Dµ, D
′
µ satisfy (5.2).
Proposition 5.7. (1) ϕ is injective and ϕ(Dµ) does not depend on the choice of D
′
µ,
(2) ϕ(QDer(R)) ⊆ Der(R˘).
Proof. (1) If ϕ(D1µ) = ϕ(D2µ), then
ϕ(D1µ)(at + bt
2 + ut2) = ϕ(D2µ)(at + bt
2 + ut2), ∀ a ∈ R, b ∈ [R,R], u ∈ U,
that is
D1µ(a)t +D
′
1µ(b)t
2 = D2µ(a)t+D
′
2µ(b)t
2.
20
Thus D1µ(a) = D2µ(a), ∀ a ∈ R. Then D1µ = D2µ and thus ϕ is injective.
If there exists another D
′′
µ satisfying (5.18). Since both D
′
µ and D
′′
µ satisfy (5.2), we
have D
′
µ([cλd]) = D
′′
µ([cλd]) for any c, d ∈ R, namely, D
′
µ(b) = D
′′
µ(b), ∀ b ∈ [R,R]. Hence
ϕ(Dµ)(at + bt
2 + ut2) = Dµ(a)t+D
′
µ(b)t
2 = Dµ(a)t+D
′′
µ(b)t
2,
which implies ϕ(Dµ) does not depend on the choice of D
′
µ.
(2) Note that [(ati)λ(bt
j)] = [aλb]t
i+j = 0, for all i+ j ≥ 3. For Dµ ∈ QDerαk(R), we
only need to show
ϕ(Dµ)([(at)λ(bt)]) = [ϕ(Dµ)(at)λ+µα˘
k(bt)] + [α˘k(at)λϕ(Dµ)], ∀ a, b ∈ R. (5.19)
Indeed, we have
ϕ(Dµ)([atλbt]) = ϕ(Dµ)([aλb]t
2) = D
′
µ([aλb])t
2
= ([Dµ(a)λ+µα
k(b)] + [αk(a)λDµ(b)])t
2
= [(Dµ(a)t)λ+µ(α
k(b)t)] + [(αk(a)t)λ(Dµ(b)t)]
= [ϕ(D)µ(at)λ+µα˘
k(bt)] + [α˘k(at)λ(ϕ(D)µ(bt))],
which proves (5.19) and thus ϕ(Dµ) ∈ Derαk(R˘).
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